Introduction.
In his paper [2], H. S. Ruse proved three theorems concerning parallel fields of partially-null planes in a Riemannian space with an indefinite metric. His proof was based on certain recurrence formulas obtained by applying A. G. Walker's recurrence formulas (cf. Walker [3] or Proposition (a) given below) to quasiorthogonal re-tuples of vectors constructed by the present author [4] . In this paper, we give a direct and simpler proof of Ruse's theorems and show that his theorems, which were established by him only locally, also hold globally.
Throughout this paper, the manifolds, fields of r-planes and so on are assumed to be of class C°°. We refer the reader to Walker [3] , Ruse [2] and especially §1.1 of Wong [5] for the definitions and terminology used and a proof of the following proposition which will be needed.
Proposition. Let AI be a connected, differentiable manifold with a linear connexion.
(a) A fieldH of r-planes on M is parallel iff in each coordinate neighbourhood TJ EM and for any local basis {XA} (1 ^A ^r) ofH in TJ,
where V denotes covariant differentiation and LiB are some covectors on TJ. where TJ* is another coordinate neighbourhood and d>A., d>A are functions on UC\ TJ*, then the local fields of planes spanned by these sets of local vector fields piece together into a parallel field of planes on M.
2. The theorem. For a connected Riemannian manifold M with an indefinite Riemannian metric, a vector subspace of any of its tangent spaces is said to be of nullity s if one (and then every) of its mutually orthogonal basis contains exactly 5 null vectors. As in Ruse [2] , a parallel field of r-planes on M each of which is of nullity 5 will simply be called a parallel r-plane of nullity s. Ruse discovered that the existence on M of a parallel r-plane of nullity s for some special values of r and s possesses exceptional features in that it necessitates the existence of parallel planes other than its null part and its conjugate. We state his main results as follows.
Theorem.
Let M be a connected n-dimensional Riemannian manifold with an indefinite Riemannian metric. 3. Proof of Theorem (a). We first observe that certain statements in the theorem are immediate consequences of the fact that the plane conjugate to any parallel plane is parallel, and the intersection and union of two parallel planes are both parallel planes (cf. Wong Since {XA} is a normal basis of a null im -l)-plane, the vectors XA are independent and XA-XB = Q. Therefore, equations (3.2) have exactly 2m -im -1) = m + l independent solutions, and we may take them to be the m + 1 vectors XB and two other vectors Fiand Y2. Then {XA, Yi, Y2} form a basis of the (rez + l)-planeIF conjugate toll. We now prove Lemma. The vectors Yu Y2 can be so chosen that Let us now assume that Y\, Y2 have been chosen as in the above lemma. Then, {XA, Yi} and {XA, Y2} are normal bases of two null ?re-planes. From (3.1) and the fact that XA, Yu Y2 form a complete system of independent solutions of (3.2), it follows easily by taking the covariant derivative of (3. It has exactly m independent solutions, and we may take them to be the m -1 vectors XB and another vector Z. Then {XA, Z} is a basis of the w-pIaneIF conjugate toll. It is easily seen from (4.2) that Z cannot be linearly dependent on the m vectors XA and F. Moreover, Z is nonnull; otherwise, the m independent equations Xa-W = 0, Z-W = 0
would have m + 1 independent solutions, namely, XB, Y and Z, and this is impossible. Therefore, we may take Z to be a unit vector. Let this be done. Then, we easily deduce from (4.1) and (4.2) that {XA, Y, Zi, Zi}, which is conjugate to fi. The proof that these results hold globally on M is almost identical with that given for Theorem (a) and (b) and is therefore omitted.
